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Abstract—Co-directional and bi-directional, co-polarized and
cross-polarized characteristics of a lossless, matched four-port
transmission network have been examined. For example, an
arbitrary-inclined dielectric plate in a circular or square wave-
guide supporting dual-orthogonal linearly polarized modes has
been analyzed, and a coordinate system is defined to apply for
co-directional and bi-directional propagating circularly polarized
waves. The matrix elements are polarization state and network
dependent. Instead of using the terms network reciprocity and
matrix symmetry, the matrix elements are discussed in terms
of ratios to describe co-directional, bi-directional, co-polarized,
cross-polarized, and polarization discrimination properties. Some
of the ratios are equal to 2/0° and others 1/18C°. Applications
of this analysis are described. If the properties of the four-
port network are frequency dependent and integrated over a
bandwidth, and/or time dependent and integrated temporally, the
scattering matrix formulation is not valid due to the presence of
a randomly polarized component; in these cases a Mueller matrix
is used to characterize the network.

Index Terms—Depolarization, four-port network, random po-
larization, scattering matrix.

I. INTRODUCTION

polarization vectors. The dielectric plate introduces & 90
differential phase shift between electric field components that
are perpendicular and parallel to the plate. This structure is
physically symmetrical.

To convey the purposes of this paper, a simplified struc-
ture of an arbitrary dielectric plate in a waveguide, square
or circular, is analyzed and the 16 elements of its scat-
tering matrix are presented. This arbitrary structure is not
physically symmetrical because of an arbitrary angle and
arbitrary differential phase shift of the plate. This trans-
ducer may be considered an “imperfect” quarter-wave plate
or a generalized transducer. The perfect quarter-wave plate
transducer has been analyzed previously [1], as well as an
imperfect quarter-wave plate [7]. The purpose of this paper is
to analyze an arbitrary, impedance-matched lossless dielectric-
plate transducer, to determine all of the elements of the
4 x 4 scattering matrix, and to discuss their characteristics.
The discussion is expanded to consider both co-directional
and bi-directional propagation characteristics. It is believed
that the co-directional, bi-directional, co-polarization, cross-
polarization, and depolarization aspects of these networks have

ATTERING matrices are used to describe network chatot all been treated adequately earlier. N
cteristics, and extensive applications have been published he potential application of this analysis is to mitigate

with an arbitrary number of ports [1]. The simplest networkross-polarization of a circularly polarized wave, propagating
entails two-ports with a 2x 2 scattering matrix comprising through rain due to canted distorted oblate-spheroid rain drops.
four matrix elements. References describing the measuremihgl circularly polarized communication links with frequency
of these elements have been reported [2], [3]. Lossless thré&Lse can be designed to conserve spectrum allocation. How-
port networks have been analyzed, and it is shown tHR¥er, rain depolarization is undesired since this results in signal
simultaneous impedance match at all three-ports is not possilgrference, or crosstalk. This interference and its mitigation
[4], [5]. are discussed in another paper by the author.

A waveguide directional coupler is a four-port network
characterized by a 16-element scattering matrix [1], [4], [6] .
The traditionalmagic teeis a four-port network with an E- In this paper, co-directional (same) and bi-directional (oppo-
plane arm, an H-plane arm, and two coplanar arms [1], [Gjite) wave propagation in networks are considered. The term
This structure has physical symmetry and reciprocal propertiesciprocal is used to describe network characteristics when

Another four-port network is an orthomode transducei-directional propagation is involved. The reciprocal nature
(OMT) that transforms or converts orthogonal linearlyf electromagnetic fields was formulated by Lorentz [8]-[10]
polarized waves into orthogonal circularly polarized waveand this has been applied to the coupling of two radiating
A structural example of an OMT is a quarter-wave platantennas, which is a two-port network. The formulations have
with an input waveguide, square or circular, propagatirgeen presented in terms of volume and surface integrals. In
two orthogonal linearly polarized waves, and an outpthis regard, statements are made that if a network is reciprocal
waveguide, square or circular, propagating two orthogonden its scattering matrix is symmetrical [4], [5], [9].
circularly polarized waves [1]. The scattering matrix of this
transducer is described by 16 matrix elements. A typical
OMT has a dielectric plate or its equivalent oriented at an

angle of 45 midway between two input orthogonal linear |n analyzing a network that entails circularly polarized
waves propagating bi-directionally, it is essential to define
2 coordinate system that is consistent with the direction

L ORENTZ RECIPROCITY THEOREM

I1l. COORDINATE SYSTEMS FORBI-DIRECTIONAL

CIRCULARLY POLARIZED WAVES
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of circularity, or handedness, of the waves. Assume that
the horizontal axis is the initial reference orientation fér 0O

0018-9480/97$10.001 1997 IEEE



TOMIYASU: FOUR-PORT SCATTERING MATRIX 355

Ey0-900 v 1 v
10— —_— 4?2
3 — - ]
h h
En@00 (@)
forward Ey
4
RHCP forward
propagation
(@
RHCP backward
propagation
En@00
4
backward Ey
(b) Fig. 2. (a) Four-port network and (b) coordinate axes.

Fig. 1. Coordinate systems for (a) forward and (b) backward propagation

of right-hand circularly polarized waves. With linearly polarized waves, the . . . . . L
phases o, and E, can be assumed to b& 0 agation directions, as mentioned above. Briefly, the incident

vertical- and horizontal-polarized wave components with ref-
erence phases of Gare decomposed into components aligned
phase for both right- and left-hand circularly polarized waveand perpendicular to the inclined dielectric plate. After passing
In Fig. 1(a) for a forward propagating right-hand circularlthrough the dielectric plate the components are combined to
polarized waveE;, is oriented horizontally and referenced ayield the outgoing vertical and horizontal components. An
0° phase, andE, is oriented vertically upward with a phaseputput polarized component that is the same as the input is
of —9C°. called co-polarized, whereas an output polarized component
In Fig. 1(b) for a backward propagating right-hand cirthat is orthogonal to the input is called a cross-polarized
cularly polarized wave theE, reference vector must be(depolarized) component. The output performances of special
oriented downward with-90° phase, or oriented upward withcases are described later in this paper. The results can be
+90° phase. Thus the phase #f, differs by 180 between applied to incident waves that are circularly polarized by
forward and backward propagating for the same sense gfquadrature phase difference between the incident equal-
circularly polarized wave. This opposite polarity manifests iamplitude vertical and horizontal components.
a 180 phase difference in some element pairs in the four-port
scattering matrix in this paper. V. DEFINITIONS OF MATRIX ELEMENT
A coordinate system has been described that is dependent on RATIOS FOR A FOUR-PORT NETWORK

the direction of propagation, and this is called “forward scat- |n describing characteristics of networks, terms such as
tering alignment” and “backward scattering alignment” [11].reciprocity, symmetry, and equality have been used in the
literature. When dealing with two-port networks, there is little
ambiguity with these terms, but some remarks have to be
The analysis of a lossless four-port network comprisingiade in relation to four-port networks. Reciprocity conveys
an inclined impedance-matched dielectric plate in a duddidirectionality between two ports of a network. The term
mode waveguide, either square or circular, is treated initialymmetry can describe a physical structure, such amgic
with two orthogonal linearly polarized signals, which camee Symmetry can also refer to a pair of elements in a
be extended to orthogonal circularly polarized signals. Theeattering matrix, such &, = S,... The term equality may
linearly polarized formulation is presented in the Appendibe used in reference to a ratio of a pair of matrix elements such
The configuration and coordinate axes are shown in Fig.&S,,,/S,,, and the ratio in general entails both amplitude
The coordinate system is defined to anticipate applicatiamd phase. The term equality has sometimes been used to mean
to an orthogonal dual circularly polarized application, andqual amplitudes, but the term has also been used to mean
a distinction is made between forward and backward propguality in both amplitude and phase.

IV. ANALYSIS
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TABLE | The term bidirectional means in opposite directions between
a pair of ports. For a co-pol pair, these elements&reand
Forward Backward Ss1, 0r S43 andSs34. The element rati_os of these element pairs
Propagation Propagation are equal to 210°. For a cross-pol pair these elements 8rg
o s s s andS4, or S23 and S3. and the ratios of these element pairs
Codirectional 5o=1/02 % s s are equal to 2180°. The 180 phase difference arises from the
Co-pol 43 34 43 - . . .
reversed coordinate system shown in Figs. 1 and 2 in order to
Codirectional Sa_y Su_, preserve the sense of circular polarization in the two different
Cross-pol 2 S directions.
i s K s s Another very significant ratio of matrix elements is called
,C(S‘é,"““”a' —i_: = T(;_M s_: ='s_: cross-polarization discrimination (XPD). This ratio describes
! the amount of depolarization or cross-coupling, or interference
Codirectional Sis _ Ki /-0, Su__ Sa on a circularly polarized signal, caused by asymmetry in the
XPD, e S Sa network or the propagation medium such as oblate spheroid
raindrops [12]. XPD is the ratio of a co-pol component to
Co-pol Cross-pol a cross-pol component. It is commonly described as a scalar
o S S guantity greater than unity [13]. It is fundamentally a complex
Bidirectional o= =1 ratio with an amplitude and phase, and in this paper it is treated
(@) ? " accordingly. Examples of XPD in the forward direction are
Bidirectional Si =1 Sn =-1 the ratios
(b) 534 ssz

S51/841 and S43/82s.

) ) _ _Examples of XPD in the backward direction are the ratios
When dealing with four-port networks, the terms reciprocity

and symmetry with reference to a pair of matrix elements be- S12/832 and S3y/S14.
come somewhat ambiguous. Thus, in the remainder of this pa-
per, these terms have been avoided and are replaced with nrge all XPD ratios, their amplitudes are equal &6 /Ko,
explicit terms to convey more specificity. These terms entailingut the phases may not be equal as shown in the Appendix.
matrix element pairs represent co-directional (either forward pris noted that the phases of XPD differ by P8Between
backward propagation), bi-directional, co-polarization, croseackward and forward propagation directions. This?lg88ase
polarization, and polarization discrimination. difference arises from the selected coordinate system that
The four-port network is assumed to be impedance matchggeserves the handedness in dealing with circularly polarized
Thus at each port$,,,, = 0, and mutual impedances at eaclvaves in opposite directions.
end of the network are also matched, suchSgs = Si3 =
0 = S5y = S4. The first subscript of the matrix element
is the port with an outward wave, and the second subscript V|- POLARIZATION DEPENDENT MATRIX ELEMENTS
is the port with an inward wave. There are various ratios of The values of the 4< 4 matrix elements are examined for
elements as illustrated in Table I. In this example, a four-patieir dependence on the polarization state. For example, as
network is described with vertical polarization in the top Portisoted above, the amplitudes of XPD are equal to the ratio
1 and 2, and horizontal polarization in the bottom Ports 3 arfd; /K, and this ratio depends on the dielectric plate angle
4 as shown in Fig. 2. Ports 1 and 3 are on the left side, angl as shown in the Appendix. Specifically for the linearly
Ports 2 and 4 on the right side. Forward propagation megmslarized example, XPD becomes infinite whépis 0° or
power flow from Ports 1 and 3 to Ports 2 and 4. Backwa@* and hence there is no depolarization. However if the input
propagation is in the opposite direction. signal is circularly polarized, XPD is not infinite even wh&n
The term co-pol, meaning co-polarization, is used to d& 0° or 9C°. Thus the matrix elements differ with polarization
scribe either vv or hh, that is the input and output ports have tsete.

same polarization. In the forward direction the co-pol elements
are S»; or S43, whereas in the backward direction they are
Sio OF Ss,. VIlI. FREQUENCY INDEPENDENT AND STATIC NETWORK
The term cross-pol, meaning cross-polarization is used toln examining the validity of the scattering matrix to a four-
describe either vh or hv. In the forward direction the cross-ppbrt network, the characteristics of the network with respect
elements aresy; or So3, and in the backward direction theyto its frequency and time dependence need to be examined.
are S14 or Sas. If the input signal is: 1) either monochromatic or the network
The term co-directional pair means in the same directiocharacteristic does not change over the signal bandwidth and
In the forward direction the co-pol pair iS;; and S43. In  2) the network characteristics do not change with time, that
the backward direction the co-pol pair > and S34. The is, a static network, then the foregoing scattering matrix
co-pol element ratios have unity amplitudes but the phases &anulation is valid. An example of a valid network is a broad-
equal tog1—p43. A co-directional pair can also be applied tdand quarter-wave plate, an OMT, that converts a linearly
cross-polarization such &k;; andS»s, or S14 andSs2. These polarized wave into a pure circularly polarized wave over a
ratios are found to be equal to/@°. bandwidth.
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VIIl. FREQUENCY DEPENDENT AND/ORDYNAMIC SCENARIO  period. Matrix element pairs or ratios of co-directional and

If the network has a component or medium that is either/Bj-directional, co-polarized and cross-polarized elements, and

both frequency and time dependent, then the foregoing sciPD are presented fprafour.-port orthogonal Iipearly polarized
twork. The scattering matrix elements of a given network are

tering matrix representation is not valid as stated above. Aff e ,
pendent on the polarization state. If the network properties

example of an invalid network contains narrow-band reson ) ; o
elements subject to wide bandwidth signals, or a netwofepend on frequency and time, the scattering matrix is replaced

element or medium path which changes with time, such 8% & Mueller matrix.
rain along the transmission path. Another example is pulsed
radar scattering where there is relative motion of either/or APPENDIX

both the radar and scattering surface, such as encounteregly this analysis, the coordinate axes are shown in Fig. 2 of
with a synthetic aperture radar [14]. With frequency and generalized transducer network comprising a dielectric plate
time dependence, the scattering matrix elements have to if8ined at an arbitrary angle in a dual-mode waveguide, with

formulated accordingly, and this is beyond the scope of thig, arpitrary differential phase delay between two orthogonal

paper. linearly polarized components. The analysis assumes a loss-
less impedance-matched transducer, however the formulation
IX. RANDOM POLARIZATION can be extended to media containing loss. The vertical and

The degree of validity of a & 4 scattering matrix formula- horizontal axes are labeled v and h, respectively, and the
tion depends on the signal bandwidth and receiver integrati@Vve is propagating forward into the paper. The dielectric
period. If the integration period is significantly shorter thaRlate d is inclined at a clockwise angle df; from vertical.
the dynamics of the scenario, then the scattering matrix {§€ direction parallel to the plate surface is designgied
valid for that integration period provided there is no frequend@nd the surface normal is designatetbr “senkrecht” which
dependence. However if the scenario is to be characterized f#ans perpendicular in German. The differential phase delay
a longer integration period and exhibits frequency dependerffethe p component relative to the component due to the
there will remain a randomly polarized or unpolarized conflat€ IS ¢q, and the subscripil here denotes the dielectric
ponent in accordance with the Stokes’ parameters [14]_[1@j§1t'e. The transducer is analyzed with linear vert_|ca_l and
To characterize these networks, a Mueller matrix formulatid¥rizontal components, however, performance of an inciglent
has been introduced [13], [17]. C|rcul_ar-polar|zat|0n wave can be described in terms of Imearly

Examples of the importance of an unpolarized componépglarized components with a quadrature phase difference in
are in the imperfect operation of rain depolarization caifx of the vertical relative to horizontal component. With

cellers [18], synthetic aperture radar imaging [14], and ralfe wave propagating into the papgy can assume_—/—ir_
backscattering [19]. 90° to designate left- and right-hand circular polarizations,

respectively. After propagating through a rain path, a phase

difference of¢, occurs between the horizontal and vertical
X. FOUR-PORT REFLECTION NETWORK components of the wave incident on the network. Bptland

The foregoing matrix representation of a four-port transs,. contribute to the phase @, relative to E,.

mission network can be extended to a four-port reflection The following nomenclature is employed to simplify the
network by regarding terminals 1 and 3 for the dual-polarizeflathematical presentation:

transmitters, and terminals 2 and 4 for the dual-polarized _
receivers. This is the configuration for a fully polarimetric- S =sinby
radar scattering scenario. C = cosby.

The vertical and horizontal components of the wave incident
on the transducer ard,; and E;;, respectively. Each of
) ) ] . these components is decomposed by the plate jingmd s

The 4 x 4 scattering matrix formulation has been appliegomponents, and the component emerges with a phasg
to a conceptual design of a cross-polarization cancellatigiht has a negative value representing a delay due to the
circuit operating at the signal frequency to mitigate advergfe|ectric. Both E,; and E;,; will contribute to bothp and
depolarization effects caused by rain on a circularly polarizgdcomponents and are added in the complex domain. Thus,
signal [20]. The circuit is an arbitrary-inclined dielectric platgom E,; the plate output components assuming impedance-

dual-mode transducer that combines into one componentyaiched dielectric plate for boghand s components are
depolarization cancellation component followed by an ideal

OMT. This mitigation technique assumes negligible frequency Svo = —Eysinby
effects and is useful for up to moderate rain rates. Poo = FEuicosbilpg.

XIl. MATRIX APPLICATION TO THE MITIGATION
OF DEPOLARIZATION CAUSED BY RAIN

From E;; the plate output components are
XIl. CONCLUSION
She = Epicosty

An arbitrary-inclined dielectric plate in a dual-orthogonal P, = Enisinbg/éq.

mode waveguide is a four-port network that can be character-
ized by a 4x 4 scattering matrix with 16 elements providedrhep,,, andp,,, components are added in the complex domain
the elements are constant over the signal bandwidth and #rel then projected back to the v and h axes. Similar additions
network properties are constant during the integration tinaed projections are performed for thkecomponents.
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The output vertical and horizontal complex compondiifs  [3]
and E;, emerging from the impedance matched transducer
are given by [4]

E'vo :E'viCQAd)d + E'viSQ + EhZSC(lZd)d - 1) [5]
E;, :E,UiSC(ll(/)d - 1) + EhiSQZ(/)d + E}”‘CQ. [6]

The scattering matrix of a four-port network is given by 7]

b= Supa +S1202 +S13a3 +Siia4
by = Ssa; +S»as +Sozaz +Sosa4 (8]
b3 = Sza; +S3202 +S33a3 +S3ia4 [9]
by= Suya; +Spay +S43a3 +Suay

where the single subscripts refers to port numbers, dke (o]
refer to inputs, and thé's refer to outputs. The first and [11]
second subscripts of th§ terms refer to output and input

ports, respectively. In this analysis, Ports 1 and 3 are the lefiz)
side ports, and Ports 2 and 4 are the right-side ports as shown in
Fig. 2. Further, Ports 1 and 2 are vertically polarized, and PoHS!
3 and 4 are horizontally polarized. An impedance-matchegy
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network is assumed. AlS,,,, terms are zero and this may

be called a co-polarized impedance match. Cross-polari
impedance matches are also assumed medghing: Sz; =0,
as well asSsy = S = 0.

For simplicity, additional terms are defined:

K= (C*+5*+ 20282 cos ¢g)°?
Ky = SC(2(1 — cos ¢g))?
P21 = tan~t (C?sin ¢g/(S? + C? cos ¢g))

a3 = tan™" (sin ¢g/(cos gg — 1))
p41 = tan™! (sin ¢4/ (cos pg — 1))
P43 = tant (S%sin ¢y /(C? + S% cos ¢g))
P12 = P21
P32 = a3+
Pra =+
P34 = Pa3.
It is noted that,3 and ¢4, are equal, by using the following
definitions:
So1 = KiZ¢o1 = S12
Sa =Kolpn =-S5
Sz = K1 /lpaz = S34
Sa3 = Kolgaz = —S30.
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